We explore the shadow of certain class of rotating traversable wormholes within classical general relativity. The images depend on the angular momentum of the wormhole, and the inclination angle of the observer. We compare the results with the case of the Kerr black hole. For small angular momenta the shadows for the two solutions are nearly identical, however with the increasing of the angular momentum they start to deviate considerably.
Introduction
Wormholes are one of the most interesting predictions of general relativity. They represent solutions to the field equations which are topologically non-simply connected. Thus, they are interpreted as tunnels in spacetime connecting separated parts of our universe, or regions in two different universes, if a multiverse scenario is adopted. Early examples of wormholes date back to the works of Flamm [1] , Einstein and Rosen [2] , and Wheeler [3] , and the modern development of the area was triggered in a great extend by the idea of Morris and Thorne that traversable wormhole can be constructed [4] . Traversability means physically that a human being would be able to pass intact through the tunnel of the wormhole in both directions and in a reasonable time. Consequently, such a wormhole should contain no spacetime singularities or horizons, and induce bearable tidal forces. If existing or possible to construct, it would enable fascinating applications like traveling between distant galaxies, or even time travel.
The typical approach in obtaining wormhole solutions is constructing a singularityfree metric which describes the appropriate wormhole geometry, and investigating afterwards what kind of matter should be present in order for the constructed metric to satisfy the field equations. Following this line of reasoning Morris and Thorne explored the static traversable wormholes with no time dependence, and concluded that they cannot be build only by ordinary matter [4] . All known classical forms of matter possess a stress-energy tensor which satisfies certain energy conditions [5] . However, to be viable solutions to the Einstein equations, Morris-Thorne wormholes should contain matter with stress-energy tensor violating the null energy condition, and consequently all the other ones. Rotating axially symmetric solutions describing traversable wormholes were also obtained subsequently [6] , including such with time-dependent angular velocity [7] . In a similar way it was demonstrated that they require violation of the energy conditions. Therefore, wormholes are often called exotic solutions of general relativity, since they should contain some 'exotic' form of matter.
Various attempts were made to minimize the violation of the energy conditions by constructing wormhole configurations were the amount of exotic matter is arbitrary small, or it is restricted only to particular regions [8] . Thus, the eventual traveler could possibly not encounter it when passing through the wormhole. In another line of research it is argued that wormholes should be considered in semi-classical regime. Then, the violation of the energy conditions is not unusual since it occurs also in other quantum systems, like in the Casimir effect, or Hawking evaporation. This motivated the construction of a number of wormhole solutions within the semi-classical gravity [9] . Attempts were made also to relate the exotic matter supporting wormholes with cosmological models. According to the most popular cosmological scenario, the universe is composed predominantly by some negative pressure substance called dark energy. Certain candidates for dark energy, like the phantom energy, also violate the null energy condition, thus resembling the wormhole case. Inspired by this observation, a series of wormhole solutions containing phantom energy occurred [10] .
Finally, it should be mentioned that the existence of exotic matter can be completely avoided by considering alternative theories of general relativity. For example, in dilatonic Gauss-Bonnet gravity, and other higher order curvature theories like f (R) theories wormholes have been constructed without any need of exotic matter [11] .
Besides as an eventual means of interstellar traveling, wormholes arise astrophysical interest as compact objects possibly inhabiting our universe. It is generally considered that the galactic centers contain a supermassive compact object, which is most commonly believed to constitute a black hole. However, horizonless objects like boson stars, gravastars, and wormholes cannot be currently excluded. Consequently, it is important for future observations to consider tests which can distinguish between wormholes and black holes. Previous developments include the investigation of the gravitational lensing by wormholes [12] , the properties of particle motion in their vicinity [13] , and accretion disks in wormhole spacetimes [14] . Another feature which can be used to extract physical information by direct observation is the shadow cast by the compact object, or equivalently its apparent shape [15] . Experiments suitable for such observations include the Event Horizon Telescope [25] , which is a system of earth-based telescopes measuring in the (sub)millimeter wavelength, the space-based radio telescopes RadioAstron and Millimetron [26] , [27] , or the space-based X-ray interferometer MAXIM [28] . In the next few years these missions are expected to reach resolution high enough to observe the shadow of the supermassive compact object at the center of our galaxy or those located at nearby galaxies [27] .
The existence of a shadow is characteristic for black hole solutions, and it is thoroughly investigated for the Kerr-Newmann family [16] - [23] . Shadows of black holes possessing nontrivial NUT-charge were obtained in [29] , and black hole solutions within Einstein-Maxwell-dilaton gravity and Chern-Simons modified gravity were considered in [30] , [31] . The apparent shape of the Sen black hole is studied in [32] . The aim of the current paper is to investigate the apparent shape of a wormhole, and compare the results with the images for the Kerr black hole. Thus, we can draw conclusions on their possible distinction in astrophysical observation. The shadow of a static traversable wormhole within classical general relativity was investigated in [24] . In our work we consider the more general class of rotating traversable wormholes which are described by the general solution found by Teo [6] .
The article is organized as follows. In the next section we describe briefly the exact solution representing stationary and axisymmetric traversable wormhole. In section 3 we derive the geodesic equations describing light propagation in its vicinity, and the algebraic equations determining its shadow are obtained in section 4. Finally, we present the images that should be seen by a distant observer for several characteristic angular momenta of the wormhole, and different inclination angles.
Rotating traversable wormhole
A stationary axisymmetric solution to the Einstein equations describing rotating traversable wormhole was obtained by Teo [6] as a generalization of the static MorrisThorne wormhole. It is given by the following metric
where r, θ and φ are spherical coordinates, and the functions N, b, K, and ω depend only on r and θ. The orbits of the timelike and the spacelike Killing fields are parameterized by the coordinates t and φ. The function N is frequently called a redshift function since it determines the gravitational redshift. In order for the wormhole to be traversable, it should be finite and nonzero, so that no curvature singularities and event horizons occur. The function b is the so called shape function and it determines the shape of the wormhole. It is assumed to be non-negative, and contains an apparent singularity at r = b ≥ 0 which corresponds to the throat of the wormhole. The function b is also required to be independent of the coordinate θ at the throat, i.e ∂ θ b(r, θ) = 0, because otherwise curvature singularity is present. Consequently, for a regular solution the throat represents a 2-dimensional surface located at some constant radius r = r 0 . Frequently, a further condition is imposed on the function b to ensure that the wormhole possesses the characteristic shape considered by Morris and Thorne (see fig.1 in Ref. [4] ). It is called the flare-out condition, and arises by studying the embedding of the 2-dimensional cross-section of the solution at constant t and θ into 3-dimensional Euclidean space. The 2-dimensional surface
'flares out' at r > r 0 , if the shape function satisfies ∂ r b(r, θ) < 1 at the throat [6] . The remaining metric function K is a regular, positive and non-decreasing function determining the proper radial distance R = rK, while the function ω is connected with the angular velocity of the wormhole. To ensure that the metric is nonsingular on the rotation axis θ = 0 and θ = π the derivatives of N, K and b with respect to θ should vanish on it.
As a result the described metric represents two identical regions joined together at the throat r = b = r 0 . The radial coordinate takes the range r 0 ≤ r < ∞, and the limit r → ∞ corresponds to the physical infinity . By physical reasons the described wormhole solution is assumed to be asymptotically flat. Therefore, the metric functions should possess the following behavior at r → ∞
The constants involved in the asymptotic expansions correspond to the conserved charges of the solution. M determines the mass of the wormhole, while J is equal to its angular momentum. Except for the described restrictions necessary for the regularity and the physical relevance of the solution, the metric functions N, K, b and ω can be chosen at will, and the obtained solution will represent a particular case of rotating traversable wormhole. For our purposes, in the remaining part of article we will consider the class of solutions, when all the metric functions depend only on the radial coordinate r. These solutions reduce to the Morris-Thorne wormhole in the limit of zero rotation ω = 0.
Propagation of light in the spacetime of traversable wormhole
The motion of test particles in a particular spacetime is determined by the corresponding geodesic equations, which follow from the Hamilton-Jacobi equation
We denote by λ an affine parameter along the geodesics, g µν are the components of the metric tensor, and S is the Jacobi action. In general, the geodesic motion in stationary and axisymmetric spacetime allows two integrals of motion -the energy of the particle E and its angular momentum about the axis of symmetry L. If a further conserved quantity is present, the so called Carter constant [33] , the Hamilton-Jacobi equation is separable, and it possesses solution of the form
where µ is the mass of the test particle. We denote by t the timelike coordinate, ϕ parameterizes the orbits of the spacelike Killing field, and S r (r) and S θ (θ) are functions only of the specified coordinates. If we consider a rotating wormhole solution described by the metric (1), in which all the metric functions depend only on the radial coordinate, the Hamilton-Jacobi equation is separable. Using the ansatz (8) it reduces to the following equations for the functions S r (r) and S θ (θ)
where Q is the Carter constant. Denoting by T (θ) and R(r) the expressions in the righthand side of the equations
the Jacobi action can be obtained in the form
The geodesic equations governing a test particle motion are derived from the Jacobi action by setting to zero all its partial derivatives with respect to the constants of motion µ, E, L and Q. Since we will be interested in photon motion, we should set subsequently the mass of the particle µ to zero. Thus, we obtain the following equations for the null geodesics in the spacetime of rotating traversable wormhole
The functions R(r) and T (θ) are given by (7) with µ = 0, and they should be nonnegative for classical motion. The geodesic equations are parameterized by the constants of motions E, L and Q, but only two of the quantities are independent. We can introduce the ratios
called impact parameters, and a new affine parameterλ = Eλ, and eliminate the energy from the geodesic equations. Thus, the photon motion is parameterized only by ξ and η. In terms of the impact parameters the functions R(r) and T (θ) take the form
4 The shadow of a wormhole
We will consider a wormhole connecting two regions of spacetime, such that in one of the regions the wormhole is illuminated by a source of light, and in the other region no sources of light are present in the vicinity of the throat. In the first region photons will propagate most generally on two types of orbits -orbits plunging into the wormhole and passing through its throat, and others scattered away from the wormhole to infinity. A distant observer situated in the first region will be able to see only photons scattered away from the wormhole, and those captured by the wormhole will form a dark spot. This dark region observed on the luminous background is called shadow of the wormhole.
The photon orbits are determined by the impact parameters and for certain values of ξ and η a critical orbit exists separating escape and plunge orbits. It corresponds to the boundary of the shadow. We can determine the critical orbit by analyzing the radial geodesic equation, which can be written in the form of an energy-like equation
by means of an effective potential V ef f depending on the impact parameters. The particle will scatter away from the wormhole only if its radial motion possesses a turning point dr/dλ = 0. Consequently, the critical orbit between escape and plunge motion corresponds to the highest maximum of the effective potential. It is a spherical orbit, meaning that it is located at constant radius, and it is unstable, since a small perturbation in the impact parameters can turn it either to an escape or to a capture orbit. The position of the unstable spherical orbit is determined by the standard conditions for the maximum of the effective potential
Considering the explicit form of the V ef f and taking into account that the functions N and (1 − b/r) are finite and nonzero outside the throat of the wormhole, the boundary of the shadow can be determined equivalently by the lowest minimum of the function R(r), i.e.
Thus, we obtain two algebraic equations for the impact parameters and the radial position of the unstable spherical orbit. They define a relation between the impact parameters η(ξ) which should be satisfied on the boundary of the shadow. For convenience we can also represent it in parametric form, expressing ξ and η as a function of the radial position. The following algebraic relations are obtained
where (...) ′ denotes differentiation by r. In addition, ξ and η should be such that the condition T (θ) ≥ 0 to be satisfied, in order to obtain valid classical solutions for the θ-motion geodesic equation.
The derived relations (15) define the boundary of the shadow in the impact parameter space. In reality the observer at infinity will see a projection of it at the so called 'observer's sky', i.e. the plane passing through the wormhole and normal to the line connecting it with the observer (the line of sight). The coordinates at this plane, which we will denote by α and β, are called celestial coordinates, and they give the apparent position of the image. The celestial coordinates are connected with the geodesic equations as [34] 
where θ 0 is the angle between the rotation axis of the wormhole (the ϕ-axis) and the line of sight of the observer, called inclination angle. Considering the geodesic equations (9) we can deduce explicit expressions for the celestial coordinates for our wormhole solution
If we substitute the impact parameters ξ and η with the relations (15) determining the boundary of the shadow, we will obtain its apparent image as seen by an observer at infinity which depends on the angular momentum of the wormhole and the inclination angle of the observer.
In the previous discussion we obtained analytical expressions for the boundary of the shadow for a general rotating wormhole described by (1) . In order to be able to investigate the images, we should consider a particular wormhole solution. The boundary of the shadow doesn't depend on the shape function b(r), therefore we assume the simplest choice setting it equal to a constant b = r 0 > 0 which corresponds to the throat of the wormhole. The rest of the metric functions we choose in the form
The solution is parameterized by two parameters: r 0 which is equal to the mass of the wormhole M, and J which is equal to its angular momentum. The shadow of this wormhole solution is presented in fig. 1 for several inclination angles and angular momenta. We have set the mass of the wormhole M = r 0 = 1. For each set of parameters we have plotted also the shadow of the Kerr black hole with a dashed line for comparison. For small angular momenta the shadow of the wormhole is very similar to the Kerr black hole. However, increasing the angular momentum the shadow gets larger and the characteristic deformations of the image due to rotation becomes more distinctly expressed. In particular, the shift of the shadow to the right and the flattening of its left side is stronger than in the Kerr case, and the two images start to deviate considerably. We also consider another wormhole solution in which the redshift function is modified to
and the rest of the metric functions coincide with the previous case (18) . Its shadow is presented in fig. 2 for inclination angle θ 0 = π/2 and several angular momenta, again compared to the shadow of the Kerr black hole. The two images can be distinguished even in the static case (J/M 2 = 0), as the wormhole shadow is larger. By including rotation the distinction between the black hole and the wormhole shadows gets more pronounced than in the case of the previous wormhole solution we considered. The same effects are observed for other inclination angles as well.
Conclusion
The appearance of a shadow is a phenomenon which is not restricted only to black hole spacetimes. Under some circumstances it can be observed also by other compact objects as wormholes. We investigated a class of rotating traversable wormholes and obtained analytically the boundary of the shadow which they will cast. The images resemble the apparent shape of the Kerr black hole for small angular momenta, and get qualitatively distinct for large angular momenta. 
